Abstract. On a normed space X ordered by a cone K we consider a continuous linear operator A: X → X of the following kind: If a positive continuous functional f attains 0 on some positive element x, then f (Ax) ≥ 0. If X is a vector lattice, then such operators can be represented as sI + B, where B is a positive operator, I is the identity and s ∈ R. We generalize this assertion for weaker assumptions on X, using the Riesz decomposition property.
Introduction
In the present paper let (X, K, · ) be an ordered normed space, i.e. X is a real vector space, · is a norm on X and K is a cone in X, i.e. K is a wedge (i.e. x, y ∈ K and λ, µ ≥ 0 imply λx + µy ∈ K) and K ∩ (−K) = {0}. Furthermore, let K be closed. By means of the cone K a partial order is introduced in X. We will use the notations x ∈ K and x ≥ 0 synonymously and write x > 0 instead of 0 = ≥ 0, can be represented as a non-singular M -matrix and vice versa.
1)
The set of all positive-off-diagonal operators on (X, K, · ) is a wedge in L(X), but it is not a cone, since the identity I and also −I are both positiveoff-diagonal operators. If A = sI +B with B ≥ 0 and s ∈ R, then the operator A is positive-off-diagonal. If X = R n and K is a polyedral generating cone in R n , then the converse is also true, i.e. every positive-off-diagonal operator A 2) can be represented as A = sI + B where s ∈ R and B ≥ 0 (see [6] ). For several other cones in R n , in particular circular ones, this implication is not true (see [6] or Example 4.1 below).
Obviously, (ii) implies (i). If X is a Banach lattice, (i) and (ii) are equivalent (see, e.g., [4: C-II, Theorem 1.11]). We shall prove the implication (i) ⇒ (ii) for operators on certain ordered normed spaces X that need not be vector lattices. Note that for any
There is a close connection between positive-off-diagonal operators and the theory of positive operator semigroups. Namely, consider the condition (iii) A is the generator of a semigroup (T (t)) t≥0 of positive operators on X.
Obviously, (ii) implies (iii) since
Now assume (iii) and consider x ∈ K and
is an ordered normed space and A ∈ L(X) with A = sI − B, where B ≥ 0 and s > r(B) (here r(B) denotes the spectral radius of the operator B), then we call A an M -operator. In the space X = R n with the cone K = R n + the notion M -matrix is used.
2) Note that in Matrix Theory instead of "positive-off-diagonal" the notion "crosspositive" is used.
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Then for f ∈ K with f (x) = 0 one has
hence (iii) implies (i). In certain ordered normed spaces, e.g. if K has a nonempty interior [3: Theorem 7.27], condition (i) implies (iii). In general (iii) does not imply (ii) (see Example 4.1). If one has the implication (i) ⇒ (ii) for some ordered normed space, then this yields the equivalence of all properties (i), (ii) and (iii).
Preliminaries
Recall some definitions and notations of the theory of ordered vector spaces, where our terminology mainly follows that of [1, 7] . Let (X, K) be a real vector space ordered by a cone K. Now let (X, K) be a vector lattice. Note that every Dedekind complete vector lattice is Archimedean. A subset S of X is called solid, if y ∈ X, x ∈ S and |y| ≤ |x| imply y ∈ S. The band generated by a singleton {x}, i.e. the intersection of all bands that contain the element x, will be denoted by B x . Note that B x = {y ∈ X : |y| ∧ n|x| ↑ n |y|}. Two vectors x and y are called disjoint, written
Essentially we will make use of the following assertion (see Proof. Let x be an extremal of K and y ∈ B x . Then |y| = sup{|y|∧n|x| : n ∈ N}. Since x is an extremal, 0 ≤ |y| ∧ n|x| ≤ n|x| = nx implies the existence of a number α n ∈ R such that |y| ∧ n|x| = α n x. We show that the sequence (α n ) n∈N is bounded. If the contrary is assumed, then for each m ∈ N there exists an n ∈ N such that mx ≤ α n x = |y| ∧ n|x| ≤ |y|. Since X is Archimedean, we conclude x = 0 which is a contradiction. If C denotes an upper bound of (α n ) n∈N , then
Since x is an extremal, we get |y| = αx for some α ≥ 0. Finally, y 
Now let (X, K, · ) be an ordered normed space. A cone K is called non-flat, if there exists a constant κ > 0 such that each x ∈ X possesses a representation x = y − z with y, z ∈ K and y , z ≤ κ x . If K has a nonempty interior, then K is non-flat (and generating, obviously). K is called normal, if the norm in X is semi-monotone on K, i.e. there exists a constant (of semi-monotony) N such that 0 ≤ x ≤ y implies x ≤ N y . Note that K is a cone in X if and only if X is the norm closure of K − K. We will call a non-empty subset M ⊆ K total if x ∈ X and f (x) ≥ 0 for every f ∈ M imply x ∈ K.
A norm · on a vector lattice is a lattice norm if |x| ≤ |y| implies x ≤ y . If (X, K, · ) is a normed vector lattice, i.e. a vector lattice equipped with a lattice norm, then for any two disjoint elements x, y ∈ X one has x ≤ x + y .
This follows immediately from [1:
implies |x − y| = |x + y| and
Since · is a lattice norm we get (1) If (X , K ) is a Dedekind complete vector lattice, then for f, g ∈ X and x ∈ K one has
In an ordered normed space (X, K, · ) with a closed cone K we consider for 0 = f ∈ K the following properties: Property (I) always implies property (II). Indeed, for g ∈ K with 0 ≤ g ≤ f from f (x) = 0 for some x ∈ X one has x = x 1 − x 2 with x 1 ,
. Similarly, f (−x) = 0 yields 0 ≥ g(−x). This implies g(x) = 0. Therefore we can conclude: Either g = 0 or g and f have the same kernel. Hence g = λf for some λ ∈ R.
In a Banach lattice property (II) also yields property (I). Indeed, for any x ∈ X one has x = x We will say that a cone K in an ordered normed space is b-generating if for every extremal f of K property (I) is satisfied.
3)
Note that the Riesz decomposition property does generally not imply that K is b-generating (consider, e.g., the space X = C 
Main results
We start with the main result on positive-off-diagonal operators. 
Proof. Proposition 2.3 ensures that (X , K ) is a vector lattice. Let f be an extremal of K and g ∈ X such that g = 0 and f ⊥ g. For x > 0 we get
Hence for every n ∈ N there exists some
If f (x n ) = 0, then the premise ensures g(x n ) ≥ 0. If f (x n ) > 0, we obtain a lower bound for g(x n ) as follows: For the extremal f of K let C be the constant from Lemma 3.2. Since
The premise ensures g(w n ) ≥ 0. Since
Now we prove the assertion by way of contradiction. Suppose that there exists a vector
Now we come to the Proof of Theorem 3.1. We already mentioned that condition (ii) implies condition (i). Now assume that A is a positive-off-diagonal operator. We have to show A x + Ax ∈ K for every x ∈ K. Since there exists a total set M of extremals of K it suffices to show f ( A x + Ax) ≥ 0 for each f ∈ M . Fix some f ∈ M . Since (X , K ) is a Dedekind complete vector lattice, from Proposition 2.1 follows that B f is a projection band in X , i.e. X = B f ⊕ B 
Property (a): According to Theorem 3.3 it suffices to show f 2 (x) ≥ 0 for any x ∈ K with f (x) = 0. In this case f 1 (x) = 0 and f (Ax) ≥ 0 since A is a positive-off-diagonal operator. Hence
Property (b): From inequality (1) we conclude
and the set of extreme points of F u is a total set of extremals of K . Hence the following conclusion is obvious. 
Examples
First we present an example which shows that a positive-off-diagonal operator A in general can not be represented as A = sI + B with a positive operator B and a number s ∈ R, even if A operates on a finite-dimensional space. 
is a circular cone (see Figure 1) and · is the Euclidean norm on R
3
. The cone K is closed, normal and has a non-empty interior. K is not b-generating and does not satisfy the Riesz decomposition property (see, e.g., [2] ). Note that K = K. Consider the operator given by the matrix
Let x ∈ K and y ∈ K such that x, y = 0 and assume x = (x 1 , x 2 , 1). Then x ≥ 0 but C can not be represented as an M -operator (see also Figure 1 ).
In the following example we consider an ordered normed space that is not a vector lattice, but satisfies all assumptions of Theorem 3.1.
The ordered vector space (X, K) satisfies the Riesz decomposition property, it is not a vector lattice, and with the maximum norm it becomes a Banach space where K is closed (see [7: Section V.2]). Furthermore, the cone K is normal. As an order unit we can choose the function e with
(note that e ∈ int(K)). For any x ∈ X one has x = y − z, where y = x e and z = x e − x are positive. Furthermore, y ≤ 2 x and z ≤ 3 x , hence we get the constant of non-flatness κ = 3.
A set of extremals of K is the collection of the evaluation maps ε t (i.e. ε t (x) = x(t) for each x ∈ X) determined by the points t ∈ [0, 2) ∪ (2, 4] . This set is total. 
